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TB-curve, a new 2-D graphical representation of DNA
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Based on the classifications of the four nucleic acid bases, we introduce a new 2-D
method of DNA representation: TB-curve, which avoids loss of information accompa-
nying alternative 2-D representation in which the curve standing for DNA overlaps and
intersects itself. The method is illustrated on the coding sequence of the first exon of
human beta-globin gene.
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1. Introduction

Recently, several authors outlined different 2-D graphical representations
of DNA sequences [1–6]. The advantage of graphical representations of DNA
sequences is that they provide a simple way of viewing, sorting and compar-
ing various sequences. However, the 2-D graphical representation is accompanied
with some loss of information due to overlapping and crossing of the curve rep-
resenting DNA with itself. Instead of considering the four directions along the
cartesian coordinate axes, as the above authors did, Randic et al. [7] proposed
a novel 2-D graphical representation of DNA sequences, which avoided the lim-
itation because the curve has a monotonic increasing characteristic. Nevertheless,
by this method, there are 12 essentially different patterns of the curves represent-
ing the same DNA sequence.

In this paper we introduce a simpler 2-D graphical representation of DNA
primary sequences, which also avoids loss of information due to overlapping and
crossing of the curve with itself and allows numerical characterization. While
there are at most three essentially different curves representing the same DNA
sequence.
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2. The 2-D graphical representation of DNA

As we know, the four nucleic acid bases A, G, C and T can be divided into
two classes according to their chemical structures, i.e., purine R = {A, G} and
pyrimidine Y = {C, T}.

Let X = X1 X2 · · · Xn be a DNA primary sequence with n bases. Define a
homomorphic map φ1 by φ1(X) = φ1(X1)φ1(X2) · · · φ1(Xn), here

φ1(Xi ) =
{

(1, Ri ) if Xi ∈ R
(0, Yi ) if Xi ∈ Y

(i = 1, 2, . . . , n),

where Ri (Yi ) is the cumulative occurrence numbers of the bases ∈ R(Y ) in the
first i bases. Then we map the DNA sequence into a series of nodes Pi ’s. Con-
necting adjacent nodes, we obtain a 2-D curve.

Take the segment of DNA consisting of the first 20 bases, ATGGTGCAC-
CTGACTCCTGA, of the first exon of human beta-globin gene for an example;
its corresponding points are listed in table 1. By connecting these points one bye
one, a 2-D curve of this sequence segment is drawn (see figure 1(a)). This curve
displays two kinds of bases, the purine R and pyrimidine Y, at a time on a plane.

Table 1
2-D Coordinates for the First 20 Bases of the First Exon of Human Beta-globin Gene.

Base 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
nucletic A T G G T G C A C C T G A C T C C T G A

x 1 0 1 1 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 1
y 1 1 2 3 2 4 3 5 4 5 6 6 7 7 8 9 10 11 8 9

Figure 1. The three TB curves of the sequence ATGGTGCACCTGACTCCTGA. (a) RY-TB
curve, (b) MK-TB curve, (c) WS-TB curve.
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It is just in this sense we call it as the RY-TB (two kinds of bases) curve of the
DNA sequence considered.

It is not difficult to see that the RY-TB curve has the following properties:

(1) The RY-TB curve has no multiple edge or circuit from the point of view
of the graph theory, and thus the problem of degeneracy due to over-
lapping and crossing of the curve with itself is totally avoided.

(2) The RY-TB curve is condensed and thus allows visual inspection of
lengthy DNA sequences without requiring excessive space.

(3) The RY-TB curve clearly shows the numbers of the bases ∈ R and the
bases ∈ Y in the DNA sequence and its segments, and thus the relative
abundance of two kinds of bases can be observed directly.

As pointed out in [8–10], the four bases can be also divided into other two
2-classes: amino group M = {A, C} and keto group K = {G, T}; weak H-bonds
W ={A, T} and strong H-bonds S ={G, C}. Similarly, we define other two maps
φ j ( j = 2, 3):

φ2(Xi ) =
{

(1, Mi ) Xi ∈ M
(0, Ki ) Xi ∈ K

(i = 1, 2, . . . , n),

φ3(Xi ) =
{

(1, Wi ) Xi ∈ W
(0, Si ) Xi ∈ S

(i = 1, 2, . . . , n).

Then from the same DNA sequence we obtain other two curves: the MK-
and WS-TB curves. Figure 1(b) and (c) show the MK- and WS-TB curves
of the same sequence ATGGTGCACCTGACTCCTGA. Obviously, the three TB
curves give all information of a DNA sequence because the DNA sequence is
uniquely determined by its three TB curves.

3. The numerical characterization

In order to find some of the invariants sensitive to the form of the curve
we transform the graphical representation of the curve into another mathemati-
cal object, a matrix. The matrices that can be constructed from a graphical rep-
resentation include the Euclidean-distance matrix ED, The Graph Theoretical
Distance matrix GD, the path-distance matrix PD, and their quotient matrices
M/M, and L/L [7, 11, 12]:
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3.1. The ED matrix

The (i, j)-matrix element is defined to be the Euclidean-distance between
vertices i and j of the curve in the 2-D space:

[ED]ij =
√

(xi − x j )2 + ( yi − yj )2.

3.2. Path-distance matrix PD

The (i, j)-matrix element is defined to be the sum of the Euclidean-
distances between the adjacent vertices along the path from vertex i to vertex j :

[PD]ji = [PD]ij = [ED]i,i+1 + [ED]i+1,i+2 + · · · + [ED]j−1,j, i < j; [PD]ii = 0.

3.3. The M/M matrix

The (i, j)-matrix element is defined to be the quotient of the corresponding
elements of the ED matrix and the GD matrix:

[M/M]i j = [ED]i j/[GD]i j , i �= j;
[M/M]i i = 0.

3.4. The L/L matrix

The (i, j)-matrix element of L/L is defined to be the quotient of the corre-
sponding elements of the ED matrix and the PD matrix:

[L/L]i j = [ED]i j/[PD]i j , i �= j;
[L/L]i i = 0.

Clearly, all these matrices are symmetric. The upper triangle elements of the
ED, M/M and L/L matrices for the same RY-TB curve of the DNA segment AT-
GGTGCACC are listed in tables 2–4.

The entries next to the main diagonal both in the ED and M/M matrix are

more than or equal to 1, and their upper bound is
√

(n − 1)2 + 1 for n > 2,
where n is the length of the DNA sequence considered. While in the L/L matrix
they are always equal to 1. In fact, by the definition of L/L, the matrix elements
for all adjacent pairs of vertices must equal 1 and for nonadjacent vertices, the
matrix elements are less than or equal to 1. In other words, every entry of an
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Table 5
The coding sequence of the first exon of human beta-globin gene. The first ten eigenvalues λi , and

the scaled eigenvalues, sλi , of the D/D and L/L matrices of the sequence.

ATGGTGCACCTGACTCCTGAGGAGAAGTCTGCCGTTACTGCCCTGTG

GGGCAAGGTGAACGTGGATGAAGTTGGTGGTGAGGCCCTGGGCAG

D/Da L/L Scaled D/Da L/L

λ1 0.27136 28.3424 sλ1 100 100
λ2 0.07010 6.9091 sλ2 25.833 24.377
λ3 0.06208 5.2627 sλ3 22.877 18.568
λ4 0.04361 4.7146 sλ4 16.071 16.634
λ5 0.03315 4.2593 sλ5 12.216 15.028
λ6 0.03236 3.7643 sλ6 11.925 13.282
λ7 0.02842 3.1005 sλ7 10.473 10.939
λ8 0.02563 2.5708 sλ8 9.445 9.071
λ9 0.02429 2.0984 sλ9 8.951 7.404
λ10 0.02071 1.7719 sλ10 7.632 6.252

a: Taken from [ref 7, table 3].

L/L matrix is in the interval [0,1]. This allows one to construct a convergent
sequence of matrices kL/kL, the product of Hadammard multiplication of the
L/L matrix by itself k-times, (k = 1, 2, 3, . . .). From these ‘higher order’ matri-
ces, one can derive additional structurally related descriptors [7,11].

4. Application: the coding sequence of the first exon of human
beta-globin gene

In this section, we construct the DNA descriptors for the coding sequence
of the first exon of human beta-globin gene and compare them with the descrip-
tors based on Nandy’s graphical representation (eigenvalues of the D/D matrix).
The sequence consists of 92 bases and is shown in table 5, in which we list 10
eigenvalues of D/D and L/L matrices. In order to make the comparison of the ei-
genvalues easier we show at the right-hand side of table 5 the eigenvalues scaled
so that the leading eigenvalue for each of the two matrices equals 100. We find
that they have similar overall appearance: a single major leading eigenvalue fol-
lowed by positive and negative eigenvalues which are of relatively small magni-
tude. In figure 2 we show the plot of the eigenvalues of the L/L matrix of table
5 against the corresponding eigenvalues of the D/D matrix. Because of great dis-
parities between the leading eigenvalues of L/L and D/D in comparison with
other eigenvalues, respectively, in figure 2 we exclude the leading eigenvalue. The
main conclusion one can draw from figure 2 is that: (1) the numerical charac-
terization of the new 2-D graphical representation, being easy to constructed,
and the older 2-D representation based on graphical approach of Nandy have
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Figure 2. The plot of some eigenvalues of the L/L matrix of the sequence of Table 5 VS the cor-
responding eigenvalues of the D/D matrix.

similarities and (2) a few leading eigenvalues may suffice to characterize DNA
sequences.
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